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Abstract
Brownian dynamics simulations are used to characterize the electrophoretical stretching process of long T4 DNA in microchannels. When
DNA is forced to move through the microchannels, the pure elongational flow generated by electric field gradients in hyperbolic contraction will
unravel the molecules of DNA. The effects of hydrodynamic interactions, the strain rate, the Brownian fluctuation, and the initial states of
molecules on the stretching dynamics are analyzed in this paper. The computational results show us the weak dependence of polymer dynamics
on hydrodynamic interactions in microcontractions. In the case of low Deborah number, the stretching process of a molecule depends on the
Brownian fluctuation. However, in the case of high Deborah number, the individualistic stretching behavior can be traced to variations in the
starting conformation.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The study of stretching large DNA is of significant interest to
researchers and scientists in the fields of gene mapping. It is
known that the large DNA appears to be of random coiled con-
formation in a solution. The coiled polymer must be unwound
and stretched so that the direct linear analysis can be performed.
Compared with traditional approaches, the linear measurement
technology promises the high-throughput genome characteriza-
tion and preserves haplotype information.

Many experimental approaches have been developed during
the past decade to systematically study the stretching of DNA in
many microfluidic/nanofluidic geometries. These approaches
can be classified as nine types as follows: (I) operating DNA
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with optical tweezers [1,2], magnetic tweezers [3] and optical fi-
ber [4]; (II) extending DNA attached to a surface and digested
with a restriction enzyme [5e9]; (III) confinement elongation
of DNA in nanofluidic devices [10e12]; (IV) stretching of a sin-
gle polymer in a uniform flow [13]; (V) unwinding of DNA in
velocity gradients induced by channel contraction or expansion
in a hydrodynamic flow [14e16]; (VI) the dynamics of isolated
DNA molecules under hydrodynamic focusing of multiple
streams [17]; (VII) electrophoretic stretching of DNA in uni-
form electric fields [18]; (VIII) single polymer deformation in
electric field gradients created by obstacles [19,20] or microcon-
tractions [21]; (IX) stretching of DNA under alternating current
field [22e25].

To complement experimental researches, analytical studies
[26e28] as well as numerical techniques such as Brownian dy-
namics [29e40] and Monte Carlo simulations [41] have been
developed to gain deep insight into the microscopic dynamics
of semiflexible polymers. These theoretical, experimental and
numerical investigations extended our understanding of stretch-
ing dynamics of DNA in microchannels or nanochannels. How-
ever, to what extent hydrodynamic interactions, the Brownian
fluctuation, the initial conformation, and the strain rate have
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effect on electric field gradient needs to explore further, al-
though some experimental results have been presented [21].

In this paper, we have attempted to critically examine the
electrophoretic stretching of DNA in hyperbolic microchannels,
stressing on the influences of hydrodynamic interactions, the
Brownian fluctuation, the initial conformation, and the strain
rate on the degree of DNA stretching. Relevant theoretical back-
ground is presented in Section 2, followed in Section 3 by a
description of our numerical model. Results and discussions
are presented in Section 4, with conclusions given in Section 5.
2. Theoretical background

Long polymers such as T4 DNA, with counter length L
much larger than the persistence length lp, tend to be in coiled
state in a solution. When an electric field is applied on the both
ends of a microchannel, DNA molecules can be driven electro-
phoretically through the hyperbolic structure shown in Fig. 1.
Similar to the hydrodynamic force field gradients, the electric
field gradients created by hyperbolic contraction also can
stretch DNA.

Without the local rotation, the electrophoretic deformation
is always pure elongation [20]. It is known that, in pure hydro-
dynamically elongational flow, the competition between hy-
drodynamic friction across the polymer, which inclines to
unwind the polymer, and the entropic elasticity, which tends
to coil the polymer, determines the stretching rate. The Debo-
rah number (De), De ¼ _3t, can be used to scale the relation
between the longest relaxation time t and the inverse of strain
rate 1=_3. The threshold value of De is 0.4 [42, 43] and the
theoretical prediction may be 0.5 [44]. As De is lower than
the threshold value, the polymers are in coiled states due to
the dominant elasticity. When De increases to the threshold
value, the conformation can transit from the coiled state to the
stretched state with the competing effects counteracted each
Fig. 1. A schematic diagram of the hyperbolic contraction microchannel used

in the simulations. The hyperbolic equation can be expressed as: y ¼
c=ðx þ 2c=h1Þ. Here, c¼ 155 mm2. DNA is driven by an electric field into

the microchannel from the right side, then through the hyperbolic contraction,

and out of the microchannel from the left side.
other. As De is higher than the threshold value, the preeminent
hydrodynamic friction force leads to the affine deformation of
polymer with the fluids until the introduction of nonlinear
elasticity limits and intramolecular constraints.

To explore the polymer deformation in electric field gradi-
ents, the effect of electric force must be concluded besides
hydrodynamic friction and elasticity. Based on both the con-
formation-independent mobility and the local balance between
electric forces and hydrodynamic forces on the polyelectro-
lyte, Long et al. have introduced the approximate theory of
hydrodynamic equivalence [45,46]. They state that the deform-
ing manner of DNA in an electric field E will be same as that
in a hydrodynamic flow of velocity mE, where m is the electro-
phoretic mobility. The experimental data on the steady stretch-
ing of DNA in constant electric field have also been presented
by Frerree and Blanch to prove the electro-hydrodynamic
equivalence [18].

With the above theoretical approximation, we seek to nu-
merically explore the stretching process of T4 DNA in hyper-
bolic microchannels.

3. Numerical model
3.1. Problem setup and governing equations
A schematic diagram of the hyperbolic contraction micro-
channel is shown in Fig. 1. The h1, h2, and h3 represent the
widths of inlet, hyperbolic contraction and outlet, respectively.
The l1, lc, l2, and l3 are used to represent the lengths of inlet, tran-
sitional region, hyperbolic contraction and outlet, respectively.
An electric field is applied to drive T4 DNA into the microchan-
nel from right side, then through the hyperbolic structure mod-
eled by equation y¼ c=ðx þ 2c=h1Þ, and out of the microchannel
from the left side. With the Dirichlet conditions at both ends and
Neumann conditions at walls specified, we use finite element
method to numerically solve the Laplace equation for electric
potential. Compared with the general triangle meshes in the inlet
and outlet regions, the meshes on the hyperbolic contraction
must be refined due to sharper gradient of electric potential. In-
complete LU preconditioner and general DMRES linear system
solver are used as solution schemes. Actually, the electric field at
each bead’s positon used in our Brownian dynamics scheme can
be calculated by interpolation among the values of surrounding
elements.

T4 DNA is modeled as N beads connected by Ns ¼ N � 1
entropic springs. Brownian dynamics simulation with hydro-
dynamic interactions is first introduced by Ermak and
McCammon [47]. The velocity for bead i is

dri

dt
¼ mEðriÞ þ

XN

j¼1
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vrj

þ
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where m is the mobility of DNA, ri the coordinate vector of
bead i, E the electric field, Dij the mobility tensor, Fes

j the
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effective spring force, Fev
j the excluded volume force to pre-

vent unrealistic crossings and collisions between beads, Fwall
j

the repulsion force caused by the hyperbolic contraction walls,
kB the Boltzmann constant, T the absolute temperature, Dt the
time step, Bij the coefficient tensor, and nj is a random vector
uniformly distributed in each of the three directions over the
interval [�1,1].

Hydrodynamic interaction is introduced into the stochastic
differential equations through the mobility tensor Dij. In our
model, the RotneePrager tensor is used [48].
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where h is the solvent viscosity, a the radius of the beads, rij ¼
ri � rj, rij ¼ krijk, and I3�3 is the identity tensor.

In addition, the coefficient tensor Bij is related to the mobil-
ity tensor Dij by:

Dij ¼
XN

l¼1

Bil$Bjl ð5Þ

The mobility tensor is supposed to be symmetric and positive-
definite, a Cholesky decomposition can be made between Dij

and Bij as follows:

Bij ¼

8>>>>><>>>>>:
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The effective spring force, Fes
j , is given by

Fes
j ¼

8<:
Fs

1 if j ¼ 1
Fs

j �Fs
j�1 if 1< j < N

Fs
N�1 if j ¼ N

ð7Þ

where Fs
j is the spring force associated with spring j. In our

model, the Pade approximation is used to model the inverse
Langevin force law [49]:

Fs
j ¼
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Qj
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"
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ð8Þ

where Qj ¼ rjþ1 � rj is the spring connector vector for spring
j, Q the magnitude of Qj, Q0 the maximum extensibility of
each spring, and bK is the Kuhn length which is twice the
persistence length lp, i.e. bK ¼ 2lp.

Excluded volume interactions are incorporated into our
model to capture good solvents of DNA in aqueous solution.
In the form of Gaussian coils, the excluded volume potential
between two beads of the chain can be expressed as
[39,40,50]:
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where n is the excluded volume parameter, Nk;s the number of
Kuhn segments per spring, and Ss ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNk;sb2

KÞ=6
p

is the radius
of gyration of each submolecule.

To realize the physical confinement of hyperbolic contrac-
tion walls, a bead-wall repulsive potential is introduced [38]:

Uwall
j ¼

(
Awall

3bKd2
wall

ðh� dwallÞ3 if h< dwall

0 if h> dwall

ð10Þ

where h is the distance of bead j from the wall in the wall-nor-
mal direction, dwall the cut-off distance, and Awall is the repul-
sive energy constant. In our model, we use Awall ¼ 25kBT and
dwall ¼ bKN

1=2
k;s =2.

Forces on bead j due to excluded volume effect and mole-
cule-wall repulsion can be obtained from the usual relation,
Fj ¼ �VjU.
3.2. Numerical scheme and parameters
The available simple techniques for integrating Eq. (1) are
explicit forward Euler integration scheme and semi-implicit
Newton’s scheme [51]. Small time-step is required for the
Euler integration scheme in order to reproduce the accurate
results, which results in a very long simulation run time. A
semi-implicit Newton’s scheme is also becomes time consum-
ing as the chain size becomes large, due to heavy computa-
tional load in iteration at every time-step. The more CPU
efficient ‘‘predictorecorrector’’ method is used in this paper.
‘‘Predictorecorrector’’ method is first introduced by Öttinger
to promise higher accuracy and less simulation run time
[52,53]. Somasi et al. modified this method into three-step
‘‘predictorecorrector’’ method [54] and Heieh et al. took the
hydrodynamic interaction into account for calculations [55].
Rewriting the Eq. (1) in terms of the spring vectors Q rather
than the bead position r is as following:
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where Qi is ith spring vector, and Dt is the time step.



Fig. 2. Plots of mean fractional extension against the x-coordinate of the

front of the DNA bxf ¼ xf=lc in a hyperbolic contraction microchannel for

various De.
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The three-step ‘‘predictorecorrector’’ method consists of
one predictor and two corrector steps. Details of the algorithm
can be found in the Refs. [54,55].

Polymers were driven by electric field through the micro-
channel with detailed parameters: l1 ¼ 1:5 mm, l2 ¼ 1:52 mm,
l3 ¼ 1:5 mm, lc ¼ 80 mm, h1 ¼ 200 mm, h2 ¼ 3:8 mm, h3 ¼
200 mm, c¼ 155 mm2. Due to the sharper gradient of electric po-
tential, the maximum element size on the hyperbolic contraction
walls is 1� 10�6, while 2� 10�5 in other regions.

Thirty initial conformations were recorded under no-flow
conditions. The 169 kbp of T4 DNA is modeled as 35 beads
with the radius of each beads 77 nm connected by 34
springs, where the length of each spring corresponds to
the product of the Kuhn length, 106 nm, and the number
of Kuhn segments per spring, 19.8. In the Brownian dynam-
ics simulations, we set the excluded volume parameter, n ¼
0:0012 mm3.

Two natural time scales, where one is the longest relaxation
time of polymer t, the other is the inverse of strain rate 1=_3,
are related through the Deborah number: De ¼ _3t ¼
mE2t=lc, where m is the measured electrophoretic mobility
of the T4 DNA, and E2 is the maximum electric field strength
at the contraction exit. By fitting the relaxation data to an
exponential decay [36]:

D
x2
ðtÞ

E
¼ A expð � t=tÞ þB ð12Þ
Fig. 3. Plots of 30 individual fractional extensions bxex ¼ xex=L as a function ofbxf ¼ xf=lc in a hyperbolic contraction microchannel for (a) De¼ 2 and (b)

De¼ 23.
where hxðtÞi is defined as the distance between the down-
stream-most part of the molecule and the upstream-most
part, A the fitting parameter, and B corresponds to the mean
square coil size at equilibrium. We obtain the relaxation
time, t ¼ 0:8 s, in an unrestricted state. The higher value
1.7 s is used in the actual simulations due to the restriction
of microchannel [21].
4. Results and discussions
4.1. Effect of Deborah number
In this paper, the electric potential is applied on the both
ends of a microchannel. T4 DNA moves to the hyperbolic con-
traction from the right inlet. The mean fractional extensions of
T4 DNA against the x-coordinate of the front of the DNA bxf ¼
xf=lc at De¼ 2, 7, 14, 23, and 40 are shown in Fig. 2. It can be
found, from Fig. 2, that the increase in De leads to higher ex-
tensions of T4 DNA in a hyperbolic contraction microchannel.

Fig. 3 shows 30 individual fractional extensions bxex ¼ xex=L
as a function of bxf at De¼ 2 and De¼ 23. We can find from
Fig. 3(a) that the individual fractional extensions are very small
and the curves appear to oscillate in degree of stretch. In this mi-
crochannel, the strain rate is inhomogeneous. While at De¼ 2,
the strain rate is just above the stretching critical value only in
the small region of hyperbolic contraction. As a result, the ran-
dom Brownian fluctuation plays an important role in the stretch-
ing dynamics, when the Deborah numbers are low.



Fig. 4. Comparison of stretching dynamics for four initial conformations: (a) individual fractional extension bxex versus bxf ; (b) single-dumbbell initial conformation;

(c) kinked initial conformation; (d) folded initial conformation and (e) coiled initial conformation.
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In the case of high De (De¼ 23), the stretching behavior
shown in Fig. 3(b) is stronger than that at lower De values, but
the oscillations in these curves still can be found. Some curves
show rapid extensions and other curves show slow extensions,
which indicate that different initial conformation of T4 DNA
may develop different stretching process. There is an obvious
low stretching curve in which the molecule does not stretch at
all. Scrutinizing this molecule shows us that the initial confor-
mation appears to be in a coiled state. In addition, there are
a few curves with an approximate plateau extension, where
they show strong stretch early on, but don’t extend any more
at a later time. The competitive effects of the strain rate, the ini-
tial conformation and the Brownian fluctuations decide the
degree of stretching of molecules.

The stretching behaviors in Figs. 2 and 3 indicate good
qualitative agreement between our numerical predictions and
experimental results. Quantitative comparisons show us that
our mean fractional extension seems to be lower than experi-
mental average stretch [21]. We attribute this difference pri-
marily to the variation in initial chosen conformations.
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4.2. Effect of initial conformation
We find that the stretching dynamics is sensitive to the
starting conformation of the molecule. In order to illustrate
this individualistic stretching, we consider the four typical ini-
tial configurations as shown in Fig. 4. The higher De is a better
choice, where the influence of the starting conformation
becomes more important and the effect of the Brownian
fluctuation gets more trivial.

The polymer stretching dynamics in Fig. 4(b) corresponds to
the Curve 1 in Fig. 4(a). This initial conformation can be consid-
ered as single-dumbbell where one of the ends of the molecule
appears to be more coiled than in the other region. It is clear
that this molecule is rapidly stretched to its steady-state
extension.

The Curve 2 in Fig. 4(a) is representative of the stretching
process in Fig. 4(c). On the whole, the starting conformation in
Fig. 4(c) is more kinked than the single-dumbbell conforma-
tion in Fig. 4(b). In this hyperbolic microchannel, the stretch-
ing of this kinked molecule is also rapid but seems to be less
extended than that of dumbbell state.

The Curve 3 in Fig. 4(a) represents the individual fractional
extension of a folded molecule as shown in Fig. 4(d). This
folded molecule can unravel rapidly until it reaches the meta-
stable state where the force on one end counteracts that on the
other end.

The stretching of coiled molecule in Fig. 4(e) corresponds
to the Curve 4 in Fig. 4(a). It can be seen from Fig. 4(e) that
the coiled molecule cannot unravel completely in the limit of
finite De.
4.3. Effect of hydrodynamic interaction
To assess the effect of hydrodynamic interactions on the
stretching dynamics, the cases with and without hydrodynamic
interactions can be straightforwardly compared. The computa-
tional results of mean fractional extension at bxf ¼ 1 for various
Deborah numbers are presented in Fig. 5. It can be seen, from
Fig. 5. Comparison of mean fractional extension atbxf ¼ 1 as a function of De for

the full non-draining model (with HI) and freely-draining model (without HI).
Fig. 5, that the full non-draining model and freely-draining
model predict similar mean fractional extension.

Hydrodynamic interactions have weak effect on the poly-
mer stretching dynamics. This may be attributed to the screen-
ing effect in the confined geometry, which has been noted in
the literatures [56,57]. The other important reason may be
that the effect of hydrodynamic interactions on the stretching
behaviors of molecules has been absorbed into the Deborah
number. The latter explanation is similar to the conclusion
of Winkler [28], where the Weissenberg number has involved
the influence of the hydrodynamic interactions on the struc-
tural and dynamical properties of semiflexible polymers in
shear flow.

5. Conclusion

The bead-spring Brownian dynamics is used to simulate the
stretching dynamics of T4 DNA in hyperbolic contraction
microchannels.

The simulations show that the stretching dynamics depend
on the competitive effect of the strain rate, the Brownian fluc-
tuation and the initial conformation. A higher De value can
lead to more rapid and increasing extension. In the case of
low De, the influence of Brownian fluctuations is more prom-
inent. In the case of high De, the initial conformation of a mol-
ecule have strong effect on the stretching process, where the
dumbbell-shaped molecule can stretch most rapidly and the
coiled molecule can extend most slowly, the folded molecule
may unravel until it reaches the metastable state.

Much attention has been paid in this paper to the hydrody-
namic interactions. The involvement of Deborah number and
the screening effect caused by the confinement of microchan-
nels lead to the weak dependence of mean fractional extension
on the hydrodynamic interactions.

The present study shows the strong ability to predict the mi-
croscopic dynamics of polymers and can be extended to other
fields of microchannels.
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